In the heterogeneous earth medium, short period seismograms of an earthquake are well characterized by their smooth envelopes with random phases. The Markov approximation has often been used for the practical synthesis of their envelopes for a given frequency band. It is a stochastic extension of the phase screen method to synthesize wave envelopes in media with random fluctuations under the condition that the wavelength is shorter than the correlation distance of the fluctuation. We propose an extension of the Markov approximation for the envelope synthesis to the case that an isotropically outgoing wavelet is radiated from a point source in horizontal layered random elastic media, where different layers have different randomness and different background velocities. In each layer, we solve the master equation for the two frequency mutual coherence function (TFMCF) which contains the information of the intensity in the frequency domain. Just below each layer boundary, we calculate the angular spectrum which is the expression of the TFMCF in the transverse wavenumber domain for up-going wavelets. The angular spectrum shows the ray angle distribution of intensities of scattered waves. Multiplying it by the square of transmission coefficients calculated from the background velocity contrast at the boundary, we evaluate the angular spectrum just above it. We neglect P to S (S to P) conversion scattering inside of each layer; however, we take into account the mode conversion at the layer boundary. Different from the vertical incidence of a plane wavelet, the wavefront expands with time and its curvature is modified at the layer boundary due to the Snell's law. Approximating the wavefront in the second layer by a circle for a small incidence angle, we may shift the real origin to the pseudo-origin of the wavefront circle, which leads to the change in geometrical spreading factor. Finally, we calculate the mean square envelope from the TFMCF by using an FFT. By multiplying the angular spectrum by conversion or reflection coefficients and calculate the TFMCF for the converted or reflected wavelets at layer boundaries, we can calculate any phase generated due to velocity discontinuities. For the reflected wavelets, we solve the master equation of the TFMCF downward. To confirm the validity of the method, we directly synthesize mean square envelopes in 2-D two-layered random elastic media and compare them with the averaged envelopes calculated by finite difference (FD) simulations of the wave propagation in random elastic media. We find that the Markov envelopes well agree with the FD envelopes not only for a transmitted wavelet but also for a P to S converted wavelet and a reflected wavelet at a layer boundary.
wavelength is shorter than the correlation distance. It is superior to other stochastic methods for the analysis of the early part of the envelope starting from the onset through the maximum peak until the early coda. It is a powerful tool to directly synthesize the envelope by focusing on forward scattered waves near the global ray direction. The apparent duration of the observed short-period seismogram envelope becomes longer with increasing propagation distance due to the diffraction by the medium heterogeneity. It is known as the envelope broadening effect. By modelling the envelope broadenings of observed seismograms based on the Markov approximation, lithospheric heterogeneities with various correlation distances and fluctuation strengths have been studied (e.g. Sato 1989; Obara & Sato 1995; Saito et al. 2005) . In these studies, they synthesized the envelopes in infinite random media. Takahashi et al. (2008) and Saito et al. (2008) proposed a method to synthesize the envelope of a wavelet in layered random media based on the Markov approximation, where they supposed discontinuities of stochastic parameters but kept the same background velocity in each layer. By using their method, the spatial distribution of stochastic parameters characterizing the random media are estimated by analysing the envelope broadenings with distance increasing with different centre-frequencies (e.g. Takahashi et al. 2009 Takahashi et al. , 2011 .
From the point of view of the large scale heterogeneity, we can approximate the velocity structure of the Earth as a layered structure having velocity discontinuities (e.g. Dziewonski & Anderson 1981) . However, small scale heterogeneities are superimposed on the large scale layered structure as found in well log data (e.g. Shiomi et al. 1997) and local tomography analyses (e.g. Matsubara et al. 2008) . Therefore, to analyse the Earth structure in multiscale, it is important to image simultaneously a layered uniform structure and a superimposed small scale random heterogeneity.
By using the Markov approximation, we can calculate the angular spectrum which represents the ray angle distribution of intensities of scattered waves, and its integral over angles gives the mean square (MS) envelope (Korn & Sato 2005) . To obtain vector-wave envelopes at a certain propagation distance, we multiply the angular spectrum by the projection factor of each component. Emoto et al. (2010) replaced the projection factors with amplification factors on the free surface. They succeed in taking into account the free surface effect. They showed that the rough estimate of the amplification rate of the root mean square (rms) envelope is about two for each component compared with the rms envelope in an infinite medium; however, to be precise, it shows a lapse time dependence which is different for different components. Emoto et al. (2012) first succeeded in synthesizing vector-wave envelopes in layered random media where velocity discontinuities exist for the vertical incidence of a plane wavelet by focusing on the angular spectrum. They calculated the angular spectrum just above the layer boundary by multiplying the angular spectrum just below the layer boundary by transmission and conversion coefficients. Then they solved the propagation of the angular spectrum in the second layer in the space domain based on the Markov approximation. By multiplying the conversion and reflection coefficients, we take into account the conversion and reflection at the layer boundary, though we neglect the conversion and backscattered waves within each layer. In these studies, they assumed the vertical incidence of a plane wavelet to the layered medium. This means that we can estimate the random heterogeneities by applying their methods to the vertical incident of teleseismic waves. However, to estimate the spatial variation of stochastic parameters by using local earthquakes, the approximation for the plane wavelet incidence is not appropriate. There are a large number of shallow earthquakes and stations which offer much information to estimate accurately the stochastic parameters. Therefore, we have to extend the method to a wavelet isotropically radiated from a point source.
The validity of the Markov approximation is confirmed by comparing with the finite difference (FD) simulations in the infinite uniform random media: 2-D scalar-wave (Fehler et al. 2000) and 2-D vector-wave (Sato & Korn 2007) . Przybilla et al. (2006) compared the Monte Carlo simulations (e.g. Sambridge & Mosegaard 2002) of the radiative transfer equation with the FD simulations. They found that the envelopes of the radiative transfer equation is also valid in the early part of the envelope if we convolve the wandering effect derived by the Markov approximation. Przybilla & Korn (2008) compared envelopes of the Markov, FD and radiative transfer equation in 3-D infinite random media and showed that the Markov approximation is valid in the early part of the envelope when the wavelength is shorter than the correlation distance of the medium fluctuation.
Here, we propose a method to synthesize the vector envelopes of an isotropically outgoing wavelet radiated from a point source in a layered random medium where the background average velocity shows a step-like change at each layer boundary. We assume the 2-D random media in whole of this paper. First, we briefly describe the basic theory of the Markov approximation in infinite random media. Secondly, we suggest the method to deal with the change of the curvature of the wavefront at the layer boundary and propose a procedure to synthesize the envelope in two-layered random media. Finally, we show two examples of the calculation of the envelopes and examine the validity of them by comparing with FD simulations.
E N V E L O P E S Y N T H E S I S I N A L AY E R E D R A N D O M M E D I U M F O R A C Y L I N D R I C A L WAV E L E T

Markov approximation in an infinite random medium
In infinite random media, envelope syntheses for the wavelet radiated from a point source has been developed (Shishov 1974; Fehler et al. 2000; Saito et al. 2002; Sato 2007; Sato & Korn 2007) . We briefly describe the expression of MS envelopes of cylindrical outgoing wavelets in infinite 2-D random media based on the Markov approximation according to Fehler et al. (2000) and Sato & Korn (2007) .
We consider a random medium where P-and S-wave velocities are randomly fluctuated around the average velocities as α(x) = α 0 (1 + ξ (x)) and β(x) = β 0 (1 + ξ (x)), respectively. Symbols α 0 and β 0 are the average P-and S-wave velocities, respectively and ξ (x) represents the fractional random function at position x = (x, z). We consider an ensemble of random media {ξ }. We assume that the ensemble average of ξ is zero, ξ = 0 and the fluctuation is small, |ξ | 1. We assume that the random fluctuation is statistically characterized by the Gaussian type autocorrelation function (ACF) where the correlation distance a and rms fractional fluctuation ε.
When the wavelength is shorter than the correlation distance, ak 0 1 where k 0 is the wavenumber, the narrow angle scattering around the forward direction is dominant and the conversion scattering is negligible in the random media (section 4.2 in Sato et al. 2012) . Therefore, we can consider separately P and S waves inside of each layer. First, we consider the case of a P wavelet isotropically radiated from a point source. The scalar potential satisfies the wave equation. Since the narrow angle scattering is dominant, we assume Downloaded from https://academic.oup.com/gji/article-abstract/194/2/899/596358 by guest on 01 February 2019 that the scalar potential which consists of narrow angle scattered waves can be written as a sum of cylindrical waves (eq. 2 in Sato & Korn 2007) . By using the complex amplitude of the each cylindrical wave, we define the two frequency mutual coherence function (TFMCF) 2 (r, θ , θ , ω , ω ) on the line parallel to the x-axis (eq. 18 in Fehler et al. 2000) . We use polar coordinates (r, θ ), where θ is a small angle measured from the z-axis, which means r = z. We assume the quasi-monochromatic condition ω c ω d , where the central angular frequency ω c = (ω + ω )/2 and the difference frequency ω d = ω − ω . Neglecting backscattering, we obtain the master equation of the TFMCF Fehler et al. (2000) as
The function w(ω d ) means the wandering term which accounts for the traveltime fluctuation at a distance r and 0 2 is the TFMCF without the wandering effect (Lee & Jokipii 1975a) . The stochastic derivation of (1) is called the Markov approximation (Lee & Jokipii 1975b) .
By using the inverse Fourier transform with respect to ω d after applying some operators to the TFMCF, we can calculate the zand x-component MS envelopes without the wandering effect as eqs (17) and (13) in Sato & Korn (2007) , respectively. We assume an impulsive source wavelet, which corresponds to the following initial condition
When the random media are characterized by a Gaussian ACF, the analytical solution of the TFMCF is derived by Fehler et al. (2000) . For the case of different ACF types or different initial conditions, we have to numerically solve the master equation. The MS envelopes with the wandering effect are calculated by convolving the wandering term with the MS envelopes without the wandering effect. We introduce the angular spectrum (AS) which is the Fourier transform of the TFMCF on the transverse line perpendicular to the z-axis as
where k x is the transverse wavenumber and x d = rθ d . The angular spectrum shows the intensity of the plane wave with the ray angle sin −1 (k x /k c ) and the angular frequency ω d . Taking the inverse Fourier transform of the angular spectrum with respect to ω d , we obtain the angular spectrum in the time domain
This function shows the ray angle distribution of intensities of scattered waves at propagation distance z = r and time t. In the infinite medium, each component MS envelope can be obtained by projecting the angular spectrum to each component and by integrating the product over all wavenumbers (Korn & Sato 2005) . The z-component MS envelope is rewritten as
and the x-component MS envelope is
To keep the physical meaning of the angular spectrum, we restrict the integral interval from −k c to k c . By using the ray angle θ = sin −1 (k x /k c ), the factors 1 − k x 2 /k c 2 and k x 2 /k c 2 correspond to cos 2 θ and sin 2 θ , respectively. On the free surface, we replace the projection factor with the amplification factor of each component for plane waves (Emoto et al. 2010) .
When an impulsive S wavelet is isotropically radiated from a point source, we suppose that the vector potential can be written as the superposition of outgoing waves and define the TFMCF the same as the P-wavelet case, where we replace α 0 with β 0 . The TFMCF satisfies the following master equation
where k c = ω c /β 0 . The MS envelopes for the S-wavelet radiation is obtained by exchanging the z-component (5) and the x-component (6) for P-wavelet case and replacing α 0 with β 0 . When the source wavelet is impulsive, the initial condition in this case is also written as (2).
Markov approximation in a layered random medium
For the sake of simplicity, we consider a two-layered random medium as shown in Fig. 1 . A layer boundary exists at z = z 1 > 0. A free surface exists at the top of the upper layer z = z 2 . A point source is located in the lower layer at the origin O. We assume the isotropic radiation of an impulsive wavelet from the source: I z0 (r → 0, t, ω c ) = (1/2πr )δ(t − r/α 0 ) for the P-wavelet case and I x0 (r → 0, t, ω c ) = (1/2πr )δ(t − r/β 0 ) for the S-wavelet case. Both conditions correspond to the initial condition of the
TFMCF between the layer boundary
According to the plane wavelet case (Emoto et al. 2012) , we derive the TFMCF above the layer boundary from that below by using the angular spectrum. First, we solve (1) or (7) until the wavelet reaches the boundary z 1 for the cases of P-or S-wavelet radiation from the point source, respectively. At the boundary we calculate the angular
where z 1 − means the position just below z 1 . Multiplying the angular spectrum by the transmission or P to S (S to P) conversion coefficients, we obtain the angular spectrum just above the layer boundary 0 2 (z 1+ , k x , ω d , ω c ), where z 1 + means the position just above z 1
whereṔṔ andṔŚ indicate the P to P transmission and P to S conversion wavelets, respectively. The factors |ṔṔ(k x )| and |ṔŚ(k x )| are the transmission and conversion coefficients at the boundary, respectively, which are defined as the amplitudes of P and S waves above the layer boundary for the incident plane wave with the unit amplitude and depend on the incident angle of the plane wave. Since we consider the short wavelength waves and forward scattering is dominant, waves just below the layer boundary can be regarded as a superposition of plane waves. Because we assume |ξ | 1, we use the average P-and S-wave velocities to calculate |ṔṔ(k x )| and |ṔŚ(k x )| (e.g. Aki & Richards 2002) . We neglect the conversion scattering in each layer, but we take into account the conversion at the layer boundary due to the velocity discontinuity. ThoughṔṔ(k x ) andṔŚ(k x ) are complex values, we multiply squared amplitude of them, because the TFMCF consists of the product of the complex amplitude and its complex conjugate. By taking the inverse Fourier
, we obtain the TFMCF just above the boundary. Using this TFMCF as an initial condition, we solve the master eqs (1) or (7) in the upper layer for the P-or S-wavelet propagation, respectively. Different from the plane wavelet case, however, we have to consider the change of the curvature of the wavefront at the layer boundary.
Modification of the curvature of the circular wavefront
When the ray passes the velocity boundary, it is bent due to the velocity contrast according to the Snell's law. Since the wavefront is perpendicular to the ray path, the curvature of the wavefront is changed. When the wave enters the low velocity layer, the effective radius of the wavefront circle near the z-axis becomes larger, which is represented by the change in the apparent source position (pseudoorigin) from the original source position. Fig. 1 shows an example of the change of the wavefront at the layer boundary for the case v 1 > v 2 , where v 1 and v 2 are average P-or S-wave velocities in the lower and upper layers, respectively. In the lower layer, the wavefront isotropically spreads from the point source. The wavefront at lapse time t measured from the origin time is written as
At lapse time t > z 1 /v 1 , the wavefront in the upper layer is written by using the incident angle at the layer boundary θ 1 as
In this derivation we defined γ ≡ v 2 /v 1 and used the Snell's law at the layer boundary as sin θ 1 /v 1 = sin θ 2 /v 2 , where θ 2 is the refracted angle at the boundary (see Fig. 1 ). We show the wavefront based on (9) and (10) by the thick gray line in Fig. 1 . We approximate the wavefront in the upper layer by a circle. This means we derive the osculating circle of the wavefront in the upper layer. To this end, we expand the expressions of x and z up to the first and second order of θ 1 , respectively
Substituting the upper equation of (11) into the lower one, we obtain
When (12) is written as
This equation represents a circle whose centre is z = (1 − 1/γ )z 1 on the z-axis and the radius is (1/γ − γ )z 1 + v 2 t for small x. Therefore, the wavefront in the upper layer can be regarded as if a wavefront radiated from the pseudo-source location O = (x, z) = (0, −(1/γ − 1)z 1 ). We show the approximated circular wavefront in the upper layer based on (12) by the thin solid line in Fig. 1 . The apparent propagation distance of the wavefront on the z-axis is
z is the radius of the approximated wavefront measured from O (see Fig. 1 ). When we solve the master equation in the upper layer, we replace r in (1) with z . The factor 1/(2π z) in (5) and (6) is the geometrical spreading factor. Because the curvature of the wavefront is changed, geometrical spreading is also changed. To calculate the geometrical spreading factor in the layered medium, we first consider the infinite medium and then extend the factor to that in the layered medium. If velocities are the same for both layers, the factor at propagation distance of r = z > z 1 can be written as
The first part of the right-hand side is the geometrical spreading between the source and the layer boundary. The second part is the geometrical spreading from the layer boundary. When the velocity changes at the layer boundary and the wave vertically propagates z − z 1 in the upper layer, we use the apparent vertical propagation distance between the source and the layer boundary in the second part as
where z 1 = (1/γ )z 1 is the apparent layer boundary measured from O . When we consider the P to S transmitted phase at the boundary, we use the average P-wave velocity in the lower layer and the S-wave velocity in the upper layer as v 1 and v 2 , respectively.
Procedure to synthesize MS envelopes
The method to synthesize the MS envelopes in layered random media for the case of a cylindrical wavelet radiated from a point source is similar to that of the case of the vertical incidence of a plane wavelet (Emoto et al. 2012) . However, we have to take into account the change of the curvature of the wavefront at the layer boundary as discussed earlier. We consider the two-layered random medium for simplicity (see Fig. 1 ). We assume that a point source located in the first (bottom) layer isotropically radiates an impulsive P wavelet. The locations of the source, the layer boundary and the receiver on the free surface are (0, 0), z = z 1 and (0, z 2 ), respectively. The procedure consists of four steps:
(i) In the lower layer, we solve the master equation of the TFMCF (1) and obtain the TFMCF just beneath the layer boundary 0 2 (z 1− ,
(ii) We calculate the angular spectrum to obtain the ray angle distribution just below the boundary 0 2 (
Multiplying the angular spectrum by the transmission or P to S conversion coefficients, we obtain the angular spectrum just above the layer boundary
In the upper layer, we solve separately the master equations of the TFMCF (1) for P wavelet and (7) for S wavelet, where we use the modified propagation distance z due to the change of the curvature of the wavefront based on (14). The initial condition of the TFMCF at the apparent layer boundary z 1 is 0 2 (
which is the inverse Fourier transform of 0 2 (z 1+ , k x , ω d , ω c ) with respect to k x . We obtain two TFMCFs just beneath the free surface
(iv) On the free surface, we calculate the angular spectra
We multiply each angular spectrum by the x or z-component amplification factors of each wave type. We assume that the scattered waves can be regarded as the superposition of plane waves just below the free surface as well as the layer boundary. By integrating the amplified angular spectrum over all wavenumbers, we obtain the MS envelope on the free surface. ForṔṔ wavelet, the x-component MS envelope is
and z-component is
where I A 0ṔṔ is the angular spectrum in the time domain without the wandering effect forṔṔ wavelet, k c = ω c /α 20 and α 20 is the average P-wave velocity in the upper layer. In this case, γ = α 20 /α 10 where α 10 is the average P-wave velocity in the lower layer. The amplification factors |u P x (k x )| and |u P z (k x )| are the amplitudes of the x and z-component on the free surface for the incident plane P wave with unit amplitude, respectively (Emoto et al. 2010) .
ForṔŚ wavelet, we replace the P-wave amplification factors with the S wave ones
and As well as envelopes of up-going wavelets, we can calculate those of down-going wavelets. To synthesize envelopes of P to P and P to S reflected wavelets, we multiply the angular spectrum by reflection coefficients at the layer boundary and solve master equations downward in the lower layer.
The MS envelope with the wandering effect is obtained by convolving the wandering term with the MS envelope without the wandering effect by taking into account the wavelet type in each layer. We use the real propagation distance, since the wandering effect is independent of the curvature of the wavefront. ForṔṔ wavelet, the wandering term is
and that forṔŚ wavelet is
The interference between different phases is not taken into account in our procedure, because we assume the single source and no conversion in the Markov approximation. Therefore, to obtain the MS envelope trace at the receiver, we simply sum up MS envelopes of different phases (e.g.ṔṔ andṔŚ) which are calculated separately. As well as the interference between the P and S wavelets, that between the up-going and down-going wavelets is not considered.
Multi-layered random media
For the case of multi-layered random media, we repeat the procedures (ii) and (iii) until the wavelet reaches the free surface and we can calculate the vector-wave MS envelopes by (iv). When we calculate the envelope at the propagation distance of z located in the nth layer of the random medium, the modified geometrical spreading factor is where the apparent ith layer boundary is defined as
The velocity v i is the average velocity in the ith layer, which depends on the wave mode. The apparent propagation distance used in the master equation of the propagation within the ith layer is
We summarize the procedure to calculate the MS envelope in multilayered random media in a flow chart in Fig. 2 .
E X A M P L E O F T H E C A LC U L AT I O N A N D C O M PA R I S O N W I T H F D S I M U L AT I O N S
To examine the validity of our method, we synthesize the rms envelopes in two examples of layered random media and compare them with FD simulations. The rms envelopes are the square root of the MS envelopes. The back scattering and the conversion scattering are included in the FD simulations, which are neglected in the Markov approximation. First, we study the two-layered random medium case, where the average velocity of the lower layer is higher than that of the upper layer (Fig. 3a) . The medium size is 200 km in width and 250 km in height. A point source which radiates a cylindrical P wavelet is placed at (x, z) = (100, 100) km and the velocity discontinuity exists at z = 175 km. The average P-and S-wave velocities and the average density in the lower layer are α 10 = 7.8 km s −1 , β 10 = 4.5 km s −1 and ρ 10 = 3.0 × 10 3 kg m −3 , respectively and those in the upper layer are α 20 = 6.0 km s −1 , β 20 = 3.5 km s −1 and ρ 20 = 2.4 × 10 3 kg m −3 , respectively. In The radial component waveforms u r at a propagation distance r = 5 km in a homogeneous medium, whose squared amplitude is convolved with the Markov envelopes as the initial intensity. The propagation velocities are 7.8 km s −1 (black curve) and 6.0 km s −1 (gray curve). These waveforms correspond to the convolution of 2-D Green's function with the first time derivative of the Ricker wavelet whose central frequency is 2 Hz.
both layers, velocity fractional fluctuations are characterized by a Gaussian ACF with a = 5 km and ε = 0.05. We assume that the fractional fluctuation of the density is proportional to that of the velocity (Birch's law). We choose the proportional coefficient is 0.8 . In the FD simulation, we set six receivers from z = 125 km until z = 250 km with an interval of 25 km along the z-axis. Three receivers between z = 125 km and 175 km are placed in the lower layer, two receivers at z = 200 km and 225 km are placed in the upper layer and a receiver at z = 250 km is placed on the free surface. We set the absorbing boundary condition at the bottom of the medium. Although we set the absorbing boundary (Fig. 3a) for both x and z-components. Markov envelopes are convolved with the wandering effect and 2π r|u r (r, t)| 2 where u r is the radial waveform shown in Fig. 3(b) as the black curve before calculating the square root of them. Thick and thin curves indicate the z and x-component MS envelopes, respectively. The propagation distance is shown in each box. Since the waves which come from the both sides appear due to the periodic boundary condition, envelopes at 25, 50, 75 and 100 km are limited to the time before those appearances. Symbols indicating phases are as follows.Ṕ: direct P-wavelet including diffractions.ṔṔ andṔP: transmitted and reflected P-wavelet at the boundary, respectively.ṔS: down-going S-wavelet converted at the boundary.ṔṔP andṔṔS are reflected P-wavelet and converted S-wavelet ofṔṔ at the free surface, respectively. (b) Same as subpart (a) but for the case of which the background velocity in the upper layer is higher than that in the lower layer. Average velocities in the upper and the lower layer in the case of (a) are replaced with each other.
condition, small amplitudes of reflected waves from the boundary appear at a later time. We use the large medium size which is enough to discuss the phases considered in the following section without any contamination of the reflected waves. We simply adopt the periodic boundary condition at each side of the medium and we put a homogeneous layer at 0 ≤ z ≤ 50 km to avoid the reflection from the bottom. We apply the source stresses at radial grid points around the source, where the time function is a Ricker wavelet with central frequency 2 Hz. To make the pure isotropic radiation from the source, we remove the velocity fluctuation in a small volume around the source. To compare the Markov envelopes with envelopes derived by the FD simulations, we have to calculate the ensemble average of the squared seismograms. We conduct 200 FD simulations for the random media generated by using different random seeds and average all seismograms at each receiver to obtain the smooth MS envelopes. Then we calculate the square root of it to obtain the rms envelope and call it the 'FD envelope'. We convolve the MS Markov envelopes with the wandering term and 2π r|u r (r, t)| 2 as the initial intensity trace, where u r (r, t) is the r-component waveform at a short propagation distance r (Fig. 3b) to compare the Markov and the FD envelopes. After the convolution, we calculate the square root of the MS Markov envelope and obtain the rms Markov envelope.
We show the comparison of the rms Markov envelopes (solid lines) with the FD envelopes (dashed lines) at all receivers in Fig. 4(a) . We show both the x-and z-components. We can see that the envelopes derived by the both methods well match with each other at every propagation distance. The ratios of peak values of the z-components of rms Markov envelopes to those of FD envelopes are 1.1, 1.0, 1.0, 1.0, 1.0 and 1.0 for the propagation distances of 25, 50, 75, 100, 125 and 150 km, respectively. From the propagation distance of 25 km until 75 km, the peak amplitudes of the rms envelopes decrease due to the geometrical spreading and the scattering attenuation. At a propagation distance of 100 km, the rms envelopes are amplified due to the drop of the background velocity and those are decreased again due to the geometrical spreading and the scattering attenuation at the propagation distance of 125 km. At the propagation distance of 150 km, the envelopes are amplified by the free surface effect. For the x-components of the rms envelopes, the peak values of the rms Markov envelopes are 1.3, 1.2, 1.4, 1.2, 1.2 and 1.2 times larger than those of FD envelopes for the propagation distances of 25, 50, 75, 100, 125 and 150 km, respectively. These values are larger than those of the z-component rms envelopes. However, these differences between the Markov and the FD envelopes are quite small compared to the peak amplitudes of z-component rms envelopes: 2.7, 3.2, 5.6, 4.1, 4.2 and 6.2 per cent, respectively.
At the propagation distance of 125 km, we can see that the rms envelope of reflected P wavelet from the free surface (ṔṔP) is also modelled by the Markov approximation. We have multiplied the angular spectrum by the reflection coefficients at the free surface to synthesize this envelope for the down-going propagation. For thé PṔP at the propagation distance of 125 km, the ratio of peak values of the z-component of the rms Markov envelope to that of the FD envelope is 0.9. For the reflected wavelets from the layer boundary (ṔP) at the propagation distances of 25 and 50 km, the ratios are both 0.9. As well as the transmitted and reflected P wavelet, we can see P to S converted wavelets which are reflected from the layer boundary (ṔS) and the free surface (ṔṔS). By zooming up of the x-component, the amplitudes and the durations of rms Markov envelopes ofṔS are similar to those of FD envelopes. However their amplitude is too small, it is not appropriate to discuss the details. The ratio of the peak value of the x-components of rms Markov to FD envelopes of theṔṔS is 1.1. The up-going S wavelet converted at the layer boundary is not seen in Fig. 4(a) , since its amplitude is too small. Considering theṔṔP andṔṔS, our method based on the Markov approximation works well for the down-going reflected and converted wavelets as well as the up-going transmitted wavelets.
We show another example of the comparison of the Markov and the FD envelopes in layered random medium. We keep the same locations for the point source and the receivers but exchange the average velocity in two layers. This means that the average velocity in the upper layer is faster than that in the lower layer. In this case, spreading waves due to the velocity heterogeneity in the lower layer are bent to wide angles at the layer boundary due to the increase of the background velocity. Therefore, the scattering effect is enhanced compared with the previous case. Fig. 4(b) shows the comparison of the Markov and the FD envelopes at all receivers. We can see that both envelopes agree well each other for the transmitted and reflected P wavelets. The ratios of peak values of the z-components of Markov envelopes to those of FD envelopes foŕ P andṔṔ are 1.0, 0.9, 0.9, 0.9, 0.9 and 0.9 for the propagation distances of 25, 50, 75, 100, 125 and 150 km, respectively. For the x-components of these phases, the ratios are 1.2, 1.2, 0.9, 1.3, 1.1 and 1.2, respectively. As the same as the case of Fig. 4(a) , these differences in the x-component are small compared to the peak amplitude of the z-component rms envelopes: 2.2, 2.6, 1.4, 5.4, 1.9 and 4.2 per cent, respectively. These values are small enough to say that our method still works in this case. The peak ratios of zcomponents rms envelopes forṔṔP at the propagation distances of 100 and 125 km and forṔP at 25 and 50 km are 0.9, 1.0, 0.8 and 0.9, respectively. Therefore, we can use our method to model the envelopes in layered random media. However, we note that foŕ PṔS at the propagation distance of 125 km, the peak ratio of the x-component of rms Markov envelope to that of the FD envelope is 1.4. So we can conclude that our method can be used to model the envelope at least the main phase (Ṕ orṔṔ in this case).
D I S C U S S I O N
Difference from the uniform random medium
In this paper, we have proposed the method to synthesize the envelopes in layered random media for the impulsive cylindrical Figure 5 . Comparison of z-component rms envelopes of the two-layered model and single-layer models for the impulsive P-wavelet source. The wandering effect is not included. Envelopes of the two-layer model is derived by the method proposed in this paper on the free surface of the two-layered random media shown in Fig. 3(a) . The single-layer model is the envelope on the free surface of the uniform random media where a = 5 km, ε = 0.05 and α 0 = 6.8 km s −1 (ε 2 /a = 5.0 × 10 −4 km −1 ). The best fit model is the envelope on the free surface of the uniform random media where ε 2 /a = 4.6 × 10 −4 km −1 and α 0 = 6.8 km s −1 . Each rms envelope is normalized by its peak amplitude shown in the legend. source wavelet. We discuss the difference form the envelopes in uniform random media. We consider the two-layered random medium shown in Fig. 3(a) and synthesize the envelope of theṔṔ on the free surface of it. Taking this envelope as a reference, we examine the difference from the single-layer model with the free surface (halfspace random medium). The average traveltime ofṔṔ is 75/7.8 + 75/6.0 = 22.1 s, so we assume that the average P-wave velocity of the single-layer model is 150/22.1 = 6.8 km s −1 . The z-component rms envelopes without the wandering effect of two-layer model and the single-layer model are shown in Fig. 5 . Here the statistical parameters are the same (a = 5 km, ε = 0.05). The peak amplitude of the single-layer model is smaller than that of the two-layer model, since there is the amplification at the layer boundary for the twolayer model. At the layer boundary for the two-layer model, the scattering effect is suppressed by the refraction into the vertical direction. So the duration of the envelope of the single-layer model is larger than that of the two-layer model. In the analysis of real data based on the Markov approximation, the peak delay time which is the arrival time of the peak amplitude measured from the onset is often used (e.g. Sato 1989 ). The peak delay time of the single-layer model is larger than that of the two-layer model. If we use the singlelayer model to analyse the data of the two-layered random medium, we underestimate the scattering strength even if we correctly know the source position. To see this clearly, we search the best medium parameter to fit the peak delay times of the two and single-layer models. In the infinite random media, the peak delay time of the envelope derived by the Markov approximation is characterized by the factor which is proportional to ε 2 /a (Sato & Korn 2007) . We change ε 2 /a in the single-layer model from 4.0 × 10 −4 km −1 to 5.0 × 10 −4 km −1 (a = 5 km and ε = 0.05) with steps of 0.1 × 10 −4 km −1 and synthesize the envelopes on the free surface. When ε 2 /a = 4.5 × 10 −4 and 4.6 × 10 −4 km −1 , the peak delay time of the single-layer model agrees with that of the two-layer model (Fig. 5) . However, we can still see a discrepancy between them after the peak Downloaded from https://academic.oup.com/gji/article-abstract/194/2/899/596358 by guest on 01 February 2019 arrival (coda part) of the envelope. Therefore, we have to take into account the velocity discontinuity to estimate the scattering strength otherwise it is underestimated when there is a low velocity layer in the upper part of the medium.
When we analyse real data, it is difficult to estimate the layered velocity structure from the short-period envelope because the onset of the envelopes is earlier than the traveltime predicted from the average velocity due to the wandering effect. Therefore, we first estimate the velocity structure from the long-period seismograms and then analyse the short-period envelopes to estimate the medium heterogeneities from real data. Emoto et al. (2012) suggest an applicable condition of the Markov approximation for the incidence of an impulsive plane P wavelet in 2-D infinite nonisotropic random media by comparing with FD simulations. When we consider the case of isotropic random media, their criterion is
Applicability
Under this condition, the difference between peak MS amplitudes of longitudinal components of MS Markov and FD envelopes is less than 11 per cent. The first condition of (26) is the requirement of short-period waves. Based on the Born approximation, the scattering coefficient for the forward direction is much larger than that for the backward direction and that for the conversion scattering when ak c 1 . In the Markov approximation, we neglect the conversion and back scattering and we assume that the variation of the wavefield along the global ray direction is small (parabolic approximation) since the forward scattering is dominant. So if ak c is small, these assumptions are broken. Przybilla & Korn (2008) showed that the Markov approximation is useful when ak c ≥ 5-8 in 3-D random media. The second condition of (26) is related to the excitation of the transverse energy (P-wavelet case). In the Gaussian random media, the energy of the transverse component for the incident P wavelet is characterized the factor which is proportional to ε 2 z/a. In the strongly fluctuated random media, the partition of the energy from the longitudinal component to the transverse component becomes large and the Markov approximation is not applicable. Scattering effects (e.g. the envelope broadening) in the case of the incidence of cylindrical wavelet is weaker than that in the case of the incidence of the plane wavelet. Therefore, we can apply (26) to the cylindrical wavelet case as a strict applicable condition, though (26) is based on the plane wavelet case.
We consider the layered random medium shown in Fig. 3(a) . Since the central frequency is 2 Hz, ak c in the lower layer are 8.0 and 14 for P and S wave, respectively. In the upper layer, ak c are 10 and 18 for P and S wave, respectively. When a = 5 km and ε = 0.05, the second condition of (26) is satisfied if z ≤ 100 km. At propagation distances over 100 km, however, we found good agreement of the Markov envelopes with FD ones. This may be because the applicable condition of the Markov approximation for the cylindrical wavelet case is wider than that for the plane wavelet case. In the Markov approximation, we neglect the wide-angle scattered waves. This effect for the cylindrical wavelet case is weaker than that for the plane wavelet case.
We consider the values of the statistical parameters assumed in this paper. The observed power spectrum density function (PSDF) of the fluctuation is summarized in fig. 1 .4 in Sato et al. (2012) . If we calculate the 3-D Gaussian type PSDF by using the statistical parameters assumed here (a = 5 km and ε = 0.05), the PSDF agrees with the observed value at the wavenumber range considered in this paper. Therefore, we can interpret the agreement with the Markov and FD envelopes shown in Section 3 as that our method is useful for the real Earth although we assumed the 2-D and Gaussian type random media.
Difference between plane wavelet and circular wavelet
At a large distance from the source, the geometrical spreading effect is negligible. However, the difference between the envelopes for the incidences of plane and cylindrical wavelet at a large propagation distance is not obvious. So we discuss the difference of them in the layered random media. At first, in the infinite random media, the excitation ratio of the transverse component I x0 dt/ ( I x0 + I z0 )dt are 2 √ πε 2 z/a for the case of the incidence of an impulsive plane P wavelet (Korn & Sato 2005 ) and 2 √ πε 2 z/(3a) for the case of the incidence of an impulsive cylindrical P wavelet (Sato & Korn 2007) , respectively. So the excitation ratio in the plane wavelet case is three times larger than that in the cylindrical wavelet case. This is because that a lot of diffracted waves come from the side in the plane wavelet case. This difference is independent from the propagation distance. However, in the long propagation distance, the difference between the plane and circular wavelet may become small.
We consider the layered random medium shown in Fig. 3 (a) and examine the difference between the plane and circular wavelet in the upper layer. We calculate the TFMCF just above the layer boundary by the method suggested in this paper. By using it as the initial condition, we solve the master equation for the plane wavelet case (Korn & Sato 2005) in the upper layer and calculate the envelope at the propagation distance of 100 km (25 km above the boundary) (hereafter Circular+Plane). We show the comparison of Circular+Plane and envelopes derived from the master equation of the circular wavelet case (hereafter Circular+Circular) in Fig. 6(a) . Because of the geometrical spreading of the circular wavelet, the total intensity ( I x0 + I z0 )dt of the Circular+Plane is 1.3 times larger than that of the Circular+Circular. The excitation ratio of the transverse component of the Circular+Plane is 0.65 times smaller than that of the Circular+Circular. If a = 10 km in the lower layer and the distance between the source and the boundary is 150 km (Fig. 6b) , the excitation ratio of the transverse component of the Circular+Plane is 0.73 times smaller than that of the Circular+Circular. In this case, the total intensity of the Circular+Plane is 1.1 times larger than that of the Circular+Circular.
The assumption of the incidence of the plane wavelet is used in some previous studies to analyse the heterogeneity in the Earth based on the Markov approximation. Kubanza et al. (2007) and Nishimura (2012) analysed the energy partition to the transverse component of teleseismic P waves and estimate the heterogeneous parameter in the lithosphere based on the Markov approximation for the incident plane wavelet (Sato 2006) . Teleseismic P waves travel a long distance through the mantle before they enter the lithosphere. So we can say that the error due to their plane wavelet assumption for the envelope propagation is small. Note that the propagation distance of the lower layer is important for envelopes derived based on the Markov approximation, because the difference between the plane and circular assumptions is independent of the propagation distance in the first layer as mentioned at the beginning of this section. The source is placed at 75 km below the boundary and the receiver is placed at 25 km above the boundary. The medium parameters are the same as the case of Fig. 3(a) . The initial condition is (2). (b) The source is placed at 150 km below the boundary. The correlation distance in the lower layer is 10 km and other medium parameters are the same as (a).
Inclined boundary
In our model, we assume the vertical incidence of the cylindrical wavelet to the horizontal boundary. This means that the layer boundary is perpendicular to the line which connects the source and the receiver. This is because that we define the TFMCF on the line perpendicular to the principle ray direction and calculate the angular spectrum from it. When we derive the master equation of the TFMCF, (1) and (7), we assumed the isotropy of the random inhomogeneity. However, for the application to real data, it is difficult to exactly satisfy the vertical incidence condition especially for shallow earthquakes. We consider the effect of the oblique incidence to the boundary.
We check how the inclined layer boundary affect the rms envelope by using the FD simulations. Fig. 7(a) shows the comparison of rms envelopes for the case of the horizontal boundary (Fig. 3 a) and that of the inclined boundary (Fig. 7 b) . Here, we keep the positions of the source and receivers but incline the boundary at 30
• . Because the reflected and converted phases have too small amplitude to discuss the details, we examine theṔṔ phase only.
In Fig. 7(a) , the durations of both envelopes are almost the same. However, the peak amplitudes of the rms envelopes of the inclined case are 0.9 times smaller than those of the horizontal case at both propagation distances of 100 and 125 km. Since the transmission coefficient of the P-wave decreases monotonically with increasing incident angle and the most of the energy carried by the narrow angle scattered waves around the principal ray direction, the amplification at the layer boundary of the inclined case is smaller than that of the horizontal case. The inclination of the boundary affects on mainly the amplitude of the rms envelopes rather than the width of it for the transmitted waves. However, for phases whose coefficients at the boundary vary rapidly with the incident angle, both their amplitude and phase should be affected from the inclined layer boundary.
Extension and application
We consider the restriction and the extensibility of our method to apply it to read data. We have considered 2-D random media; however, we can synthesize the envelopes in 3-D random media by Figure 7 . (a) Comparison of rms envelopes derived by the FD simulations for the cases of the horizontal (dashed black curve) and inclined boundary (solid gray curve) cases at 100 km and 125 km from the source. We show theṔṔ phase only. MS envelopes for the horizontal boundary case are the same as Fig. 4(a) . (b) Geometry of the inclined boundary case. The medium parameters and positions of the source and receivers are the same as Fig. 3(a) but the velocity discontinuity is inclined at 30 • from the horizontal. Downloaded from https://academic.oup.com/gji/article-abstract/194/2/899/596358 by guest on 01 February 2019 using the similar procedure in which we use the master equation for the 3-D case. For 3-D S-wavelet case, we separate the waves to SH and SV components and multiply them by the transmission factors for SH and SV wave, respectively as discussed in Emoto et al. (2010) . We have assumed a Gaussian ACF type random media. Though von Kármán types are more realistic than Gaussian types, we can refer the validation of the Markov approximation derived in previous studies (e.g. Sato & Korn 2007; Przybilla & Korn 2008; Emoto et al. 2010 Emoto et al. , 2012 with the assumption of the Gaussian type. We can apply our method to random media characterized by any type of ACF. The only difference is the master equation of the TFMCF for different ACFs. To make the precise estimation of the heterogeneity, we have to take into account the intrinsic attenuation. The Markov approximation is applicable for the early part of the envelope and the characteristic of it (e.g. peak delay time) is not strongly affected by the intrinsic attenuation (Saito et al. 2002) . Therefore, we can analyse earthquakes and estimate the random heterogeneities taking into account the deterministic layered velocity structure, though our method is restricted for small angles around the vertical incidence. We will analyse S and ScS wavelets to estimate the random heterogeneity in the lithosphere and that in the mantle.
CONCLUSION
We have proposed a method to synthesize the vector-wave envelopes for outgoing cylindrical wavelets from a point source in 2-D layered random media having step-like changes in the average velocity. In our model, layer boundaries are supposed to be perpendicular to the line between the source and the receiver. When the wavelength is shorter than the correlation distance, narrow angle scattering around the forward direction dominates and the conversion scattering between P and S waves within each layer is negligible. Therefore, we can treat separately the propagation of P and S wavelets in each layer; however, we should deal with the conversion scattering at velocity boundaries. For the evaluation of the transmission effect, we have used the angular spectrum which means the ray angle distribution of intensities of scattered waves. The angular spectrum just above the boundary is estimated by multiplying the square of transmission or conversion coefficients, which are calculated from the Snell's law, by the angular spectrum just below the boundary for up-going waves. We multiplied the square of reflection or conversion coefficients for down-going reflected waves. In addition, we took into account the change of the wavefront curvature at the layer boundary, which can be established by introducing the pseudo-source position for the circular wavefront.
As an example, we synthesized envelopes in 2-D two-layered random media for two cases: a point source which radiates an isotropic outgoing P wavelet is located in the higher velocity layer or in the lower velocity layer. In both cases, we confirmed the validity of our method by comparing with envelopes derived by FD simulations, where ak c ≥ 8 and ε 2 z/a ≤ 0.1. The differences of the peak values of the z-components of transmitted phases between the rms Markov and the FD envelopes are less than 13 per cent. We also found that we can model envelopes of P to S converted and reflected wavelets as well as those of direct P wavelets.
In a further study, it is necessary to develop a synthesizing method for the inclined layer boundary. Our results show that the relative error in the transverse component is larger than that in the vertical component. It may indicate the necessity of further improvements of the Markov approximation.
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